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All pairs shortest paths

The all pairs shortest path problem is the following: We are given a weighted, usually directed
graph G(V,E) and its cost function c: R. We want to find the shortest path from each

vertex to each other vertex.

This problem migt arise if we want to make a table of distances between all pairs of cities on
a road map. Or we might be given the flying times, fares or distances on certain routes
connecting cities, and we wish to make a table that gives the shortest time requlyedhe
cheapest or shortest route from any one city to any other .

We usually want to put the results in a table.

Single source shortest path algorithms

Certainly we can do this by using a single source shortest path algorithm that we run once for
eachvertex as the source. Thus we can apply Dijkstra’s algorithm, if we have only positive
edge weights. If we use binaheap implementation of the priority queue, the running time is
O(n mlg n).

If there are also negatiweeight edges (but no negative cgs), we need the Bellmarord
algorithm. The resulting running time is @(m).

But there are also other, direct possibilities to solve the problem, which | want to describe in
the following pages.

Representation of the data

We want the output in tabuldorm: the entry in u’s row and v’'s column should be the weight
of a shortest path from u to v. So we represent the data in an adjacency matrix.
Our input will be an nx n matrix C representing the edge weights of a graph with n vertices:

0 ifi=j,
Cj = { the weight of edge ij ifi #jand (i,j) U E,

0 ifi #jand (i,j) O E.
Negativeweight edges are allowed, but we don’t want to have negateght cycles for the
moment.

We want to compute anxn matrix D where the entry;ccontains the weighof a shortest
path fromito j.

Matrix multiplication

One method to compute this matrix is a procedure that is very similar to matrix multiplication
on real numbers. The algorithm will look like repeated matrix multiplication.

Let dj(m) be the minimunweight of any path from i to j that contains at most m edges.
If m =0, there is a shortest path from i to j with no edges if and only if i=j.

0ifi=j,
d;® = {
woifi #]j.

If En) = 1, the shortest path from i to j with only one edge of course is the entry in matrix C, so
dij b= G-
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Form>1,

di™ = min (™, ming<x<n{di ™ + 64 })
Since ¢ =0 for all j OV, this equals

1) ™= mingcg<n{di™ + g .

If there are no negative cycles, all shortest paths are simple and thus contain atImost n
edges.
Hence

d (i.j) = d (1),

In order to obtain the shortest paths weights, we can compute a series of matHcB€D

..., D™ with D™ = (d;™). By looking at all possible predecessors k of j, in each step we
extend the shortest paths computed so far by one more edge.

The final matrix 3™ will contain the actual shortegiath weights.

The following procedure takenatrices 3™ and C and returns @. That is, it extends the
shortest paths computed so far by one more edge.

EXTEND-SHORTESFPATHS (D,C)

n — rowgD]

letD’ = (d’j) be ann x n matrix

fori « 1ton

doforj « 1ton
do d’ij « 00
fork « 1ton
do d’ij < min (d’ij, O + ij)
return D’

Its running time is Of°) due to the three nestédr loops.

If we make a number of substitutions, we can see the relation to matrix multiplication.
Assume we want to compute C =[A3.
Then

(2) Cj = Zk=1" ak [hy

If we make the following substitutions
d(m—l) S a

C =b

dm™ ¢

min - +

+ - O

we obtain (2) from (1).

So as | already mentioned, we compute the shopast weights by extending the shortest
paths edge by edge.
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The sequence dhe n1 matrices ¥, D@, ..., D™V will be the following:
pY=p?r=cC,
D@=pW T =C,
D(3) — D(2) C = C'3,

D(n-l) — D.(n-Z) C = Cn-l
The following procedure computes this sequence:

SLOW-ALL-PAIRS-SHORTESTFPATHS (C)
n — rowqC]
DY . C
form~ 2ton-1
do D™ _ EXTEND-SHORTESTPATHsS (D™V, C)
return D™V

The running time of this procedure will be Jfrbecause we ruBXTEND-SHORTESFPATHS,
whose running time is Of), n times.

Improving the running time

We can impove this running time, if we do not compute alf'Dmatrices. We are interested

only i(n) D™D which is B™ for all integers n® n-1. So if we compute the sequence
DW=,

D¥=C*=CrT,
DW=c'=C?c?,

D®=C®=c* 4,

D@ Ng(-1)1) — 21 Nomd)] = 21 Mol -1 (-2 1 Ngr1)]-1

we need onlylg(n-1) ] matrix products.
2l )1 i greater or equal to-i, so the final product is equal td'D.
The following procedure computes this sequence.

FASTER-ALL-PAIRS-SHORTEST-PATHS (C)
n — rowqC]
DY . C
me<1
whilen-1>m
do D®™ _ EXTEND-SHORTESFPATHs (D™, D™)
mec<2m
return D™

The running time of this procedure isi3(g n) since each of thElg (n-1) | matrix products
takes Of®) time.
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Floyd’s algorithm

Another possibility to compute all pairs shortest paths is to use the Floyd algorithm.
Again, we have a weighted directed or undirected graph, for the time we have no negative
weight cycles. So if the graph is not directed, we have no negative weilgjes.

This time, we consider the intermediatertices of a shortest path from i to j. An intermediate
vertex is any vertex of the path other than i and j.

The algorithm is based on the following observation:

We define V as the set {1,2,...,n}. For anyipaf vertices i and j, we take all paths fromitoj
whose intermediate vertices are all taken from a subset {1,2,...,k}, and then look for the
minimum E)ath from among them, which is again simple because we have no negative cycles.
Now let d;* be the weght of a shortest path from i to j with intermediate vertices {1,2,...,k}

If k = 0, we have no intermediate vertices at all, and hent&=g;.

Fork >0,

(o ifk=0,
dj ® = {
min(cy*?, di & + dg®Y) itk 2 1.

Here we use a relatiship between this path and the shortest paths fromi to j from {1,2...,k

1}. If kis notin the shortest path from i to j with intermediate vertices in {1,2,...,k}, all

vertices of p are in the set {1,2,..-K. If kis in this path, we can decompose the patto a

path from i to k and a path from k to j with intermediate vertices only from {1,2-1},k

So again we compute a series of matrices, this time by enlarging our set by one vertex in each
step. The result will be 9 = (d;") = d(i,j) because theall intermediate vertices are in the
set{1,2,...,n}, which represents the whole graph.

The following procedure computes these matrices by increasing the value of k.

FLoyD (C)

n — rowqC]

DO _C

fork —« 1ton

dofori « 1ton
doforj « 1ton
dij ® _ min (dij (k-l)’ dik(k-l) + dkj(k-l))
return D™

Its running time is determined by the triply nesfed loops and amounts to &)

In the beginning, we said that we don’t want to have negative cycles in the given graphs, but
actually both algoritms, MATRIX MULTIPLICATION andFLOYD could discover negative cycles

in a graph. If there are negative cycles, the shortest paths from a vertex i in this cycle to itself
won’t be 0 any more, but infinitely small. If we run one of our algorithms on a grajpi wi
negative cycles, the diagonal elements in the matrix D, which should be zero, will, for each
entry d with i element of the negative cycle, contain the costs, or better profits, that occur, if
we run through the negative cycle once.

Constructing the shortest paths

Sometimes want to know, which vertices the shortest path passes. There are a variety of
different methods to find this out. We can compute a predecessor matrixfp, wlere g is
NIL if i = j or if there is no path from i to j, otherwisthe predecessor of j on a shortest path

-4-
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fromito j. We can do this similarly to Floyd’s algorithm just as the algorithm works: we
compute a sequence of matricé3, P, ..., BV where P = 8 and g is the predecessor of |
on the shortest path fod so far.

Fork>=1,
Pi it dij = dik(k'l) + dkj(k-l)),
Pi ® =

pkj(k-l) if dj (k1) S dik(k-l) + dkj(k-l)_

Transitive closure

Another problem, that can be solved by using an algorithm similar to Floyd’s algorithm, is to
find the trandive closure of a graph. This means to find ettetherthere is a path from i to |

in the given graph and add an edge from i to j if it is so. The transitive closure of G will be G
= (V,E), where E = {(i,j): there is a path from i to j in G}.

One way b compute the transitive closure, with running timen®)(is to assign a weight of 1

to each edge and run the Floyd algorithm. The output will be either infinity or the number of
edges on the path from i to j with the least edges.

Another way is to subgtite AND andor by min and + in the Floyd algorithm. The running

time will also be O6®), but this way can save time and space in practice, because on some
computers logical operations on singdjet values execute faster than arithmetic operations on
integer words of data, and the storage of Boolean values requires less space than the Floyd
algorithm.

Again we compute a series of matricéd E (t;*) in order of increasing k:

t; ) = 1 if there exists a path in G from i to j with intermediate vertif@sn 1 to k, O

otherwise.

We construct the transitive closure by putting an edge (i,j) inti ﬁ(”) =1

0 ifi #jand (i,)) O E
tj ©= {

1 ifi=jor(i,) OE
k>1:
tj ) = tj &1 or (tik(k_l) AND tkj(k_l)).

We convert this into the following procedure:

TRANSITIVE-CLOSURE(G)
n < |V[G]
fori « 1ton
doforj « 1ton
doifi=j or(i,j) OE[G]
thentig(o) -1
elset;'” — 0
fork « 1ton
dofori « 1ton
doforj 1ton
do tij (9 — tij (k-1) OR (Tik(k_l) AND tkj(k_l))

return T
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