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Backtracking 
 
The backtracking algorithm is a very simple method, which can easily be 
adapted and therefore is used for solving a wide range of problems. However 
backtracking is not very efficient, so it is mainly used for np-complete problems, 
for which no better algorithm is known.        
The basic idea is a trial and error method. Whenever the algorithm hits a dead 
end  it backtracks one step and tries a different path.                              
The solution space of these problems can be represented as a tree-structure, on 
which backtracking performs an “intelligent” depth -first-search, thereby 
searching the tree systematically for one or all answers to the problem. 
The algorithm builds up the solution vector one component at a time, and checks 
at each step via bounding functions, if the current vector can in any way lead to 
a solution. If this is no longer possible, the algorithm will not continue with this 
subtree, but backtracks one step to the previous node and tries a different path 
from there. In this way it generates as few notes as possible without missing a 
solution. 
 
When using backtracking, the answer to the problem should be representable as 
a vector, which describes the path from the root to a leaf in the tree representing 
the solution space. Every element of the vector has to fulfil certain explicit 
constraints, i.e. is element of a given set. For example, every element of the 
vector has to be greater than zero. All vectors whose elements satisfy the explicit 
constraints form the solution space. 
The implicit constraints of the problem determine, whether the vector found 
satisfies the criterion function and therefore is a solution or not. They state, how 
the elements of the vector must relate to each other. 
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Modifications of the criterion function are used as bounding functions, so that 
the algorithm generates as few nodes as possible without missing any of the 
solutions to the problem in order to minimize the running time. 
The difficulty with good bounding functions is, that, since they are implemented 
at each step, they may take more time than is saved by pruning the tree. 
So sometimes a decision has to be made, whether it is more efficient to use 
better bounding functions and generate less nodes, or to use less effective 
bounding functions that take less time to calculate, but then have to build up 
more and larger subtrees. 
 
The n-queens problem 
 
How can n queens be placed on an n x n chessboard without any of them 
attacking? 
The brute force method would be to search through all possible positions of n 
queens on n x n squares. Then the solution space would consist of  n out of n² 

possibilities, i.e. : 
)!²(!

²)!(

nnn

n

−
 possibilities. 

In order to reduce this solution space, one examines when two queens attack 
each other: 
They attack when they are in the same row, column or diagonal. It can now be 
assumed without loss of generality, that the i th queen is placed in the ith row, 
thereby avoiding that two queens can be in the same row. 
Each queen is assigned a different column, so the only thing left to check is 
whether two queens are in the same diagonal.  
The rows are now numbered from the upper to the lower row and the columns 
from the left to the right. Hence the upper left corner has the coordinates (1,1) 
and the lower left corner (n,1). 
With this numeration, two queens with the coordinates (i,j) and (k,l) are in the 
same descending diagonal if  i – j = k – l 
They are in the same ascending diagonal if i + j = k + l 
The equation for descending diagonal can also be written as i – k = j – l , 
and the equation for ascending diagonals as i – k = l – j 
so in order to check whether two queens are in the same diagonal, no matter in 
which direction, it is sufficient to calculate, if |i – k| = |j – l| 
  
The solution vector can be represented as a tuple of the numbers one to n. The ith  
number k in the tuple signifies that the ith queen is placed in the kth column, i.e. 
has the coordinates (i,k). 
At this point the solution space has been reduced to all permutations of the tuple 
of the numbers one to n, so the size of the solution space is n! 
 
Algorithm for 8-queens problem: 
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private static int     []  row    = new int[8];  
private static boolean [] column   = new boolean[8];  
private static boolean [] ascdiag = new boolean[15];  
private static boolean [] descdiag = new boolean[15];  
  
public static void place( int i ) {  
   for( int j = 0; j < 8; j++ )  
      if( column[j] && descdiag[i - j+7] && ascdiag[i+j] ) {  
         row[i] = j;  
         column[j] = false;          descdiag[i - j+7] = false;  
         ascdiag[i+j] = false;  
         if( i < 7 ) place( i + 1 ); else displayArray( row );  
         column[j] = tru e;  
         descdiag[i - j+7] = true;  
         ascdiag[i+j] = true;  
      }  
}  

 
The algorithm places the ith queen in the ith row as far left as possible, without 
two queens attacking. If that doesn’t yield a solution, the algorithm backtracks 
and places the queen in the next possible square to the right, where it cannot 
attack another queen. This provides a systematical search of the solution space. 
 The algorithm uses arrays of booleans, in order to determine, if a column, an 
ascending or a descending diagonal is already occupied by a queen. When the 
3rd column is for example already occupied, the array column would return false 
for column[2] (column[2] and not column[3] because arrays start with the 0th 
position, not with the 1st ). 
The descending diagonals are calculated by i – j + 7 , because otherwise the 
descending diagonal would be numbered from –7 to 7, now they are numbered 
from 0 to 14. 
 
 
Subset sum 
 
The problem calls for finding all subsets of a given set of n positive weights wi, 
whose elements sum up to a certain amount m. 
The brute force approach would be to construct all subsets and then to compare 
the sum of each subset with the amount m. 
Then the solution space consists of 2n  possibilities, i.e. the power of the set of 
all subsets.  
It is more convenient to represent the subsets as tuples of the length n containing 
only 1s and 0s. If the i th element of the tuple is a one, this means that the ith 
element of the set is also an element of the subset, if this is a zero, the ith element 
of the set is not in the subset. 
So the solution is a vector  

 
The sum of each subset can now be calculated as:                                              

}{ [ ]nixxxx in :11;0),,....( 1 ∈∀∈=
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The object is to generate as few nodes of the tree as possible in order to save 
time, so the algorithm should be able to recognize at an early stage whether the 
vector can in any way lead to a solution.  
Since only positive weights are given, the vector being built cannot lead to a 
solution, if the sum of all elements that are already determined as part of the 
subset is greater than m.  
In case the current sum plus the sum of all elements left is smaller than m, the 
current vector cannot resolve this problem either. 
So the bounding functions for sets of positive weights are: 

 
 
If the set of weights is also so rted, the first bounding function can be 
strengthend. 
Whenever the current sum plus the next element is now greater than m, there is 
also no use in continuing with this vector. 
One can now use  

 
as bounding functions. 
 
This algorithm for subset sum is implemented for sorted lists of positive weights 
only, the solution is printed as a tuple of ones and zeros. It uses the previous two 
criterias as bounding functions: 
 
public static final int SIZE = 6;  
public static final int LIMIT = 30;  
public static int k =  0;  
public static int s = 0;  
public static int r = 0;  
public static int[] tupel = new int[SIZE];  
public static int[] input = {5, 10, 12, 13, 15, 18};  
public static void SumOfSub (int s, int k, int r) {  
   tupel[k] = 1;  
   if( s + input[k] == LIMIT ) {  
      output();  
   } else {  
      if((s+input[k]+input[k+1] <= LIMIT)&&(s+r >=m))  
      SumOfSub( s + input[k], k + 1, r -  input[k] );  
      if(( s+r - input[k] >= LIMIT)&&(s+input[k+1] <= LIMIT )) {  
         tupel[k] = 0;  
      SumOfSub (s, k + 1, r -  input[k] );  
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   }  
   }  
}  
 

 
In the beginning r is calculated as the sum of all elements of the set, s is zero. 
The algorithm changes r and s at each step, such that r and s are always: 
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Subset sum can also be implemented for lists containing negative numbers: 
In case that the list is sorted, the same bounding functions as for sorted lists with 
only positive numbers can be used. 
If the list is not sorted, these bounding functions may be used: 
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The knapsack problem is a modification of subset sum, where each weight wi of 
the set is also assigned a value vi. The problem is now to find the subset, whose 
sum is smaller or equal to m, and whose sum of the values attached to the 
elements is maximal.  
A convenient way to find a solution for this problem is to calculate for each 
element a value/weight ratio. Then the solution contains the elements with the 
highest ratios, whose added weights are smaller or equal to m. 
 
 
Complexity 
 
The complexity of a problem solved through backtracking depends on 4 factors: 
 

The number of xi, that fulfill the explicit constraints. The greater the 
number is, the more xi have to be tested in the next step 

 
The time it takes to generate the next xi. With some problems that may be 
very complicated. For our examples, this takes only a linear amount of 
time. 

 
The running time of the bounding functions is very important, since the 
bounding functions are called at each step of the backtracking algorithm. 
Sometimes weaker bounding functions may be preferably because they 
take less running time. 
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The most important factor is the number of xi that satisfy the bounding 
functions. This determines, how many subtrees are generated at each step 
and therefore how fast the tree grows. 

 
Therefore the worst case running time is either O(p(n) kn ) or O(q(n) n!), p(n) 
and q(n) being polynomials, that depend on the running time of the bounding 
functions. 
It is O(p(n) kn ), if the power of the solution space is kn , O(q(n) n!), if the power 
is n! 
 
Because the power of the set of all possible solutions of the n queens problem is 
n! and the bounding function takes a linear amount of time to calculate, the 
running time of the n queens problem is O(n!) 
 
Subset sum generates at each step maximal two new subtrees, and the running 
time of the bounding functions is linear, so the running time is O(2n ). 
 
 
 
Other examples for backtracking 
 
Travelling salesman: the search for a path through an undirected graph, such 
that each node is only visited once, i.e. a hamiltonian circle 
 
Three-dimensional matching: an extension of the “stable marriage” problem 
(two-dimensional matching) into another dimension. Two dimensional matching 
can be solved by a faster algorithm than backtracking, but by adding another 
dimension, the problem becomes np-complete. 
 
Solution of boolean expressions: when does a boolean expression yield true? 
 
Partitioning of a set of weights such that the sum of the n partitions is equal. 

For 2 partitions: 
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