Network flow problems

The topic ,,network flow problems* considers a network, that is represented by a direded and
weighted graph G with verticesv [0V and Edges (u,v) [ E and aweight c(u,v) cdled the
cgpadty. In this network G aflow f of lets sy goods from a spedfic source sto a particular
sink t is being creaed and the problem, cdled the maximum flow problem, will be to find the
greaest of all valid flows, whereas valid means that a flow hasto serve spedfic properties.
The motivation for thisis the frequent occurrence of the max-flow problem in redity,
whenever a maximum amount of units (information, goods, liquid, ...) has to be shipped from
one placeto another over a network of connedions which can carry only alimited amount of
units per time. Just think of aderrick as a source of petrol that has to be pumped over a system
of oilpipesto asink, e. g. aport. These pipes are of different size and are conneded with
speaal junctions where gates regulate the diredion of the flow.

Formally thisflow in G isared vaued functionf: V xV - R with 3 properties:

cgpaaty constraint: [ u,v [V, we require f(u,v) < c(u,v) D

skew symmetry: [J u,v [0V, we require f(u,v) = - f(v,u) 2

FHow conservation: [J u,v 0 V\{st}, werequire X f(uv)=0 (3
vV

The epresson f(u,v) means here the net or actual flow from u to v, which implies the notion
that positive flows can cancd out ead other if they have opposite diredion.

For example: f(u,v) = 8 and f(v,u) = 3 result to a net flow of f(u,v) =5 and f(v,u) =-5in the
reverse diredion acording to (2).

The flow properties (1) and (2) remain self-explanatory, to (3) | want to add that in the
vertices, except sand t, flow cannot increase or disapped, that isthat the (positive) net flow
entering the vertex must equal the (positive) net flow leaving the vertex.

Above dl that the value of aflow f in G isdefined as [f| = Z f(s,v), which sums up all the
flows going out from the source. vV

The Ford-Fulkerson Algorithm
Ford and Fulkerson found a method how to solve the max-flow problem, here its pseudo
code:

1) initidiseflow fto O

2) while there exists an augmenting peth p

3) c augment flow f along p

4) returnf
In order to understand that method 3 dfferent notions have to be introduced and explained:
resdual networks, augmenting paths and cuts of flow networks.
The residual network G; of a given flow network G with avalid flow f consists of the same
vertices as in G which are linked with residual edges E; that can admit more strictly positive
net flow.
The residual capadty ¢ represents the weight of ead edge E; and is the anount of additional
net flow f(u,v) before excealing the cgadty c(u,v)

c(u,v) = c(uv) —f(uv) (4)
An augmenting path p isa smple (freeof any cycle) path from sto t in the residual network
G; and has got the following residual capadty:
G(p) = min{c; (uv): (uv)isonp}  (5)
We define now aflow fp: V xV - R along the aigmenting peth in G; such as:
c(p) if(uv)isonp

fp(u,v) =9 - c(p) if (v,u)isonp (6)
0 otherwise



Thisflow isvalid, becaise it doesn't violate skew symmetry (2) by the definition of (6) and
with (5) also the cgaaty constraint is fulfill ed and finally flow conservation (3) is obeyed
acmrding to the definition of the path p going from sto t. Our ideais now to add this new
flow f, to the flow f in the original network which will result in a new flow f* which must be
strictly greaer than f, asfp is drictly greder than 0 acording to the definition.

f:VxV - R:if=f+f; @)
At thispoint | will give aformal proof that f'is avalid flow and therefore obeys the treeflow
properties:
(A) cgpadty congtraint:
We havef,(u,v) < ¢ (u,v) acording to (6) and (5). By addition of f (u,v) at both sides of the
equation and the following equality of the left side acording to (4) ¢; (u,v) +f (u,v) =
c(u,v)—f(u,v)+f(u,v)=c(u,v)wefinaly get:
f+f)uv)=fuv)+f,(uv)<c(,)
(B) skew symmetry:
(f +f(u,v) =f(u,v) +f,(u,v)=-1f(v,u)—f,(v,u)=-(f(v,u) +f(v,u)=-{F+f)V,u)
(C) flow conservation:
l(,l) OV —{s,t} 0, 2v (f+fo(u,v) \fg_v(f(u V) +fy(u,v)) T g \;(u V) +2y fo(u,v)=0+0=

As we have found out that the new flow f" isavalid flow that is greaer than the origina flow
f, we know now how to augment aflow if we find an augmenting path p in the residual
network Gy, but what happens if we cannot find any more an augmenting path, will the flow
be maximum then?
To proof thiswe neal to understand the notion of a aut of a flow network
A cut (S,T) of aflow network G=(V,E) isa partitionof V into Sand T =V \ Ssuchthat s S
andt O T. Notethat Sand T are sets of verticesand sand t are particular vertices. Our
functions above used upto now only vertices as arguments, in order to work also with sets as
arguments of these functions we shall use an implicit summation notation that computes the
flow f (S, T) over a aut and the cgaaty of a at ¢ (S,T) asthe sum of al possble ways of
repladng the sets Sand T by their members. It follows:
f (S, TL: > 2 f(uv) ad c(ST)= 2 3 c(uVv)
asvaT udsvaT

Together with this new notation and some lemmas derived from it, that | do not want to
mention in my brief overview, it can be proofed that the flow f(S, T) over any cut (S,T) inthe
form stated above is equal to the value of the flow f in G

f(S.T)=1f] (8)
Moreover the value of any flow f in aflow network G is bounded from above by the caaaty
of any cut of G

[fl <c(ST) 9)
Proof: |f|=f(ST)=2 % fuv<zz c(uv)=c(ST)
Now we can proof the question above if the non-existence of an augmenting path implies that
the flow is maximum and vice versawhich is an essentia part of the important maximum-
flow min-cut theorem.
The maximum-flow minimum-cut theorem
If f isaflow in aflow network G=(V,E) with source s and sink t, then the following
statements A,B and C are egquivalent:

A. fisamaximumflow in G

B. Theresidua network Gf contains no augmenting paths

C. |f] =c(5T) forsome ait (ST) of G (20



proof:
(A) O (B):
We asume for the sake of contradiction that f is a maximum flow in G but that there still
exists an augmenting peth p in Gf.
Then as we know from above, we can augment the flow in G acerding to (7). That would
creae aflow f* that is grictly greaer than the former flow f which isin contradiction to the
asumption that f is a maximum flow.
(B) O (C)
We suppose that G¢ has no augmenting path acerding to 2, that isthat G contains no path
fromsto t. Now we define aset S={v OV | Oapath p fromsto v in Gf } which contains the
sources and al from sreatable verticesvinG. T =V \' S will be the mmplementary set of
SinV. Then this partition will be a at, ast cannot be an element of S acwrding to 2.
The Sand T conneding vertices (u,v) withu O Sand v OO T must all carry a maximum flow,
we cdl these alges criticd edges, otherwise v would be an element of S.
Asall conneding edges are aiticd edges the flow over this cut must be maximum and
therefore equal to the cgadty of thecut: f (S, T) =S, T) .
Aswe know from (8) before the flow in the network equals the flow over any cut and equals
here dso the apaaty of thiscut |f|=f (S, T) =c(S, T).
© 0 A
as gdated before | f | = (S, T) < ¢ (S, T) (acording to (8),(9)) and (C): | f | =c(S, T) implies
(A) that f isamaximum flow
Now that we have introduced the main ideas of the Ford-Fulkerson algorithm and proved the
max-flow min-cut theorem which adually proofs the cwrreanessof the dgorithm, we can
look more dosely at this method which solves g/stematicaly the max-flow problem from
above. The basic structure of the dgorithm is the following:
for each edge (u, v) JE[G]

doffu,v]=0

flv,u =0

while there exists a path p fromsto t in the residual network Gs

do ¢ (p) = min{c(u, v) | (u, v) isin p}

for each edge (u, v) inp
dof[u,v] =f[u,v] + c (p)
flv,u] =-1[u, V]

O~NO O WNE

In the first threelines the flow in the network will be initiaised to 0 and the while loop in line
4 repedsline 5 to 8 aslong as an augmenting path can be found in the residual network. If an
augmenting peth p isfound in line 4 then the caaaty of p will be mmputed in line 5,
whereby we take for granted that the cgadties are constant time functions and if moreover an
edge does not exist between two vertices the cgadty will be set to 0. Finaly in every while
loop the flow in the original network will be increased in line 6 to 8 acwrding to the
mathematicd definitions above (statement (5), (6) and (7)). After finitely increasing the flow
the while loop will finally be forced to terminate because of the max-flow min-cut theorem
(10) stated above. Inthe end there ae no more augmenting peths in the residual network and
we will have aeaed a maximum flow.

What is left now isto look more dosely at the way how an augmentation path can be found,
what will adually determine the running time of Ford-Fulkerson.

A simple bound for the running time can be found if the augmenting peth is found arbitrarily
and furthermore if al capadties are integers. Implemented like that the dgorithm increases
the flow at least by one unit per loop of which the number of exeautions lies within O(|fmax|)-
Obvioudy thelines 1 to 3 and 6to 8 will take O(|E|) time as the flow hasto be dtered on the
edges of the network. The dhoice of the aigmenting path, if it exists, is arbitrarily, but still we



need breah or depth first search for going trough the graph and looking for any augmenting
paths which will take us another O(|E"|) time. As the number of edgesin the residual network
are roughly the same asthe edgesin the original network we gproximate O(|E|) to O(|E|)
and finally we have the simple bound for the running time of O(|E| [fmax])-

If cgpadties and maximum flow are low the running time is okay, but not if we work with kg
cgpadties, that implies also a big maximum flow. In the latter we need a better
implementation of Ford-Fulkerson. There ae some implementations of which | will explain
only one of them briefly: the Edmonds-Karp algorithm.

Here the augmenting path will be found by breah-first search and moreover it hasto be a
shortest path from sto t in the residual network.

Aswe work with shortest path now, we have to define that ead edge has got unit distance
We will try to find a better bound for the running time. The general assumption with this
implementation isthat the shortest path distance of a vertex from the sourceincreases
monotonicdly with ead flow augmentation: df (s,v) < df- (s,v) . Asthe proof of this

statement is a bit tricky and would blow up the content to much, it will be left unproved.

The &ove finding helps explain the theorem that the total number of flow augmentations
performed by the dgorithm isat most O(|V| [E|). In order to understand that the notion of a
criticd edge hasto be introduced. At least one eldge (u,v) on an augmenting peth p must have
the same residual cgpadty as p: ¢(p) = ¢ (u,v) acording to (5), these eldgeis cadled criticd.
We can observe that this edge (u,v) disappeas from the residual network after the flow was
augmented along p. For this edge (u,v) to appea again in the residual network and therefore
to be &le to become aiticd again, the flow has to be augmented along the opposite diredion
(v,u). Asthe shortest path distance of u increases monotonicdly with every flow
augmentation (u,v) can only become & most O(|V|) times critica, because the number of
vertices restrict the shortest path distancethat u can have from the source. Since only O(|E|)
pairs of vertices can have an edge between them in aresidual network, the total number of
criticd edgesisrestricted by O(|V| [E|). With the fad that ead augmenting peth p can be
found with breah first search in O(|E|) time and that p has at least one aitica edge we get the
bound of the running time of the Edmonds-Karp algorithm as: O(|V| E|?

Moreover there ae some further important variations of the max-flow problem that have to be
mentioned in this context, but will not be explained in detall

- The dgorithm of Dinic (different implementations reg better running times than Edmonds-
Karp): e.g. smultaneous saturation of augmenting paths of the same length O(|V|? E|)

- A second cgpaaty function lim for alower limit of the flow function f with lim(u,v) < f(u,v)
<c(uv)

- A cost function cost whereby ead edge (u,v) has a second weight cost(u,v) and the min-cost
max-flow problem

- Networks with multiple sources and sinks where dl sources and sinks will be mnneded
with edges of infinite cgadty to a supersource or supersink respedively.
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